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Introduction
In the present work, we introduce a variational Lagrange-Laguerre method for the description of non-
relativistic three-body systems. Our approach does not rely on the Born-Oppenheimer approximation
and allows to compute the exact energy eigenvalues and wave functions of a general non-relativistic
three-body system with a rather high relative accuracy of about 10−12 for the lowest bound states.
We have applied the approach to the Helium atom, the dtµ, H+2 , and HD
+ molecules. For all systems
we report accurate energies, expectation values of inter-particle distances, dipole matrix elements, as
























Parameters for different physical three-body systems
ion/atom m1 m2 m3 Z1 Z2 Z3
He me me 7294.2618241me 2 -1 -1
dtµ 3670.581me 5496.918me 206.7686me 1 1 -1
H+2 1836.142701me 1836.142701me me 1 1 -1
HD+ 1836.142701me 3670.581me me 1 1 -1
Coordinate systems
Cartesian coordinates Combined spherical and cylindrical coordi-
nates
Perimetric coordinates
Definition of perimetric coordinates
x = |~r31| − |~r32|+ |~r12|
y = |~r32| − |~r31|+ |~r12|
z = |~r31|+ |~r32| − |~r12|
Combined spherical and cylindrical coordi-










xyz(x+ y + z)
x+ y
Three-body Hamiltonian after transformation
Full Hamiltonian in perimetric coordinates









Kinetic energy operators in perimetric coordinates
TˆS =− 2h¯
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Expansion of three-body eigenstates
Ψ
(ν)





k (R, ρ, ζ)
Dlm,k =ˆ Wigner-D-matrices Nl,m =ˆ Normalization factor










Lagrange-Laguerre polynomials for N=4
Gauss quadrature












λi - Christoffel numbers
Eigenvalue equation and convergence
Within the Lagrange-Laguerre basis set the stationary Schro¨dinger equation leads to the following














We solve the eigenvalue problem with a dense matrix diagonalization (ScaLapack) which gives us
access to all eigenvalues and eigenfunctions.
Convergence of the ten lowest eigenvalues of the singlet S-states of H+2 as function of basis size.
Two-body ionization threshold energies











He+ 0.999863 2 -1 -1.999730 -0.499931 -0.222192 -0.124983 -0.079989
dµ+ 0.946671 1 -1 -97.8711 -24.4678 -10.8746 -6.1169 -3.91484
tµ+ 0.963748 1 -1 -99.6364 -24.9091 -11.0707 -6.2273 -3.98546
Hydrogen 0.999456 1 -1 -0.499728 -0.124932 -0.0555253 -0.031233 -0.0199891
deuteron 0.999728 1 -1 -0.499864 -0.124966 -0.055540 -0.031242 -0.019995
Energy spectra of three-body systems
Energy levels of the Helium atom Energy levels of the dtµ molecule Energy levels of the H+2 molecule Energy levels of the HD
+ molecule
Note: the continua in the spectra are discretized due to the box confinement.
Binding energies for the singlet and
triplet S-states of the Helium atom
Energy eigenvalues for physical mass and in the infinite-mass
limit compared to literature
state Nxy Nz N(M) 〈E〉 (a.u.) (m3=ˆ He) 〈E〉 (a.u.) (m3=ˆ∞ )
11S(even) 40 40 32 800 -2.903 304 555 559 9 -2.903 724 377 032 9
40 30 24 600 -2.903 304 555 559 7 (a) -2.903 724 377 034 3 (a)
-2.903 304 555 559 412 (b) -2.903 724 377 034 119 5 (b)
21S(even) 40 40 32 800 -2.145 678 586 050 5 -2.145 974 046 050 0
40 20 16 400 -2.145 678 586 051 (a) -2.145 974 046 044 (a)
-2.145 678 586 053 239 (b) -2.145 974 046 054 419 (b)
31S(even) 40 40 32 800 -2.060 990 637 545 1 -2.061 271 989 739 3
40 20 16 400 -2.060 989 080 880 (a) -2.061 271 989 73 (a)
-2.060 989 080 886 561 (b) -2.061 271 989 740 911 (b)
41S(even) 40 40 32 800 -2.033 307 816 589 3 -2.033 586 716 954 4
23S(even) 40 40 31 200 -2.174 930 189 165 7 -2.175 229 378 236 80
30 20 8 700 -2.174 930 189 165 7 (a) -2.175 229 378 237 1 (a)
-2.174 930 189 165 684 (b) -2.175 229 378 236 791 30 (b)
33S(even) 40 40 31 200 -2.068 405 242 227 4 -2.068 689 067 472 501
35 20 11 900 -2.068 405 242 227 4 (a) -2.068 689 067 472 4 (a)
-2.068 405 242 227 476 (b) -2.068 689 067 472 457 19 (b)
43S(even) 40 40 31 200 -2.036 232 826 345 1 -2.036 512 083 098 164
53S(even) 40 40 31 200 -2.022 341 571 737 5 -2.022 618 872 302 069
Expectation values for inter-particle distances of the Helium S-states
Singlet states Triplet states
The green vertical lines indicate the onset of different ionization thresholds. At these thresholds the inter-particle distances
diverge (due to the confinement of our numerical discretization, the inter-particle distances are always confined to the simulation
box. However, growing distances are observed for larger simulation boxes).
Wave functions of Helium in perimetric coordinates
Isosurface of |Ψ|2 for Helium without electron-
electron interaction
Isosurface for the probability density of
Helium with full electron-electron interaction
Isosurface of |Ψ|2 for Helium without electron-
electron interaction
Isosurface for the probability density of
Helium with full electron-electron interaction
Binding energies of H+2 and HD
+
state Nxy Nz N(M) 〈E〉 (a.u.)
11S(even)=ˆ(0, 0) 40 40 32 800 -0.597 139 063 121
40 25 20 500 -0.597 139 063 121 (a)
-0.597 139 063 123 4 (c)
21S(even)=ˆ(1, 0) 40 40 32 800 -0.587 155 679 14
40 25 20 500 -0.587 155 679 14 (a)
-0.587 155 679 212 7 (c)
23S(even) 40 40 31 200 -0.499 743 211 346 2
23S(even) 40 40 31 200 -0.499 707 955 998 8
21P (odd) 35 35 42 875 -0.499 006 565 292 8
31P (odd) 35 35 42 875 -0.497 599 336 718 4
23P (odd)=ˆ(0, 1) 35 35 42 875 -0.596 873 738 832 7
40 20 32 000 -0.596 873 738 832 7 (a)
-0.596 873 738 832 8 (c)
33P (odd)=ˆ(1, 1) 35 35 42 875 -0.586 904 321 039 7
40 20 20 500 -0.586 904 321 039 7 (a)
-0.586 904 321 039 4 (c)
state Nx Ny Nz N(M) 〈E〉 (a.u.)
1S(even)=ˆ(0, 0) 35 35 35 42 875 -0.597 897 968 601 5
-0.597 897 968 5 (d)
2S(even)=ˆ(1, 0) 35 35 35 42 875 -0.589 181 829 580 3
-0.589 181 829 1 (d)
2P (odd)=ˆ(0, 1) 35 35 35 54 000 -0.589 160 137 781 7
3P (odd)=ˆ(1, 1) 35 35 35 54 000 -0.539 274 189 164 4
2P (even) 35 35 35 42 875 -0.265 137 661 313 2
3P (even) 35 35 35 42 875 -0.256 595 059 483 3
The change of isotope in going from H+2 to HD
+ causes a dif-
ference of eigenvalues for S-states with realtive magnitude of
about 10−4. More pronounced is the difference due to spin:
in H+2 the protons are Fermionic, whereas HD
+ contains three
non-idential particles. This causes a singlet/triplet splitting of
levels in H+2 compared to HD
+.
Wave functions of H+2 in perimetric coordinates
Isosurface of |Ψ|2 for H+2 Isosurface of (x+y)(x+z)(y+z)|Ψ|
2 for H+2
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Conclusions and outlook
We have presented a numerically exact solution for non-relativistic three-body systems. Our results of the lowest energy eigenvalues reach the high accuracy of current references in literature which
are usually used as benchmarks, e.g. the Hylleraas method for the Helium atom. In contrast to the standard sparse matrix diagonalization that is usually employed in the literature, we perform here
a dense matrix diagonalization of the discretized eigenproblem. This gives us access to the full spectrum of eigenvalues and eigenvectors and allows to investigate matrix elements also for high-lying
states.
In future work we plan to extend our approach to also include relativistic effects such as spin-orbit coupling, the Darwin term or quantum electrodynamic corrections like the Lamb shift. Since our
Lagrange-Laguerre approach is based on a numerical grid, the method is also suited to solve the time-dependent Schro¨dinger equation for situations that require non-perturbative treatments. This
allows for example to study three-body systems exposed to femtosecond laser pulses. For the case of the molecular systems that we considered in this work, the accurate wave functions can also serve
as benchmark input for electron-phonon matrix elements. Here effects beyond the usual bilinear electron-phonon coupling are accessible within our approach.
